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ON PURE AND TRACE IDEALS
ABOLFAZL TARIZADEH
Abstract. In this paper, some general results on pure ideals and
some particular results on the trace ideal of a projective module
are obtained.
1. Introduction
Over the past years and specially more recently, studying trace ideals
of modules has been in the main focus of various mathematicians, see
e.g. [2], [5], [6], [7], [9], [13] and [14]. This is also one of the main topics
of the present paper and we obtain some new and technical results on
the trace ideal of a projective module. We also prove some new results
on pure ideals which is another main subject of this paper. The well
known result Corollary 4.5, which reveals the interaction between pure
and trace ideals and justifies the title of this paper, is also proved by
a new approach. Corollary 4.8 is another interesting result which its
proof confirms the existence of a deep connection between pure and
trace ideals. In summary, Theorems 3.1, 4.1, 4.4 and Corollaries 3.2,
4.3, 4.6 are amongst the most important results of this paper.
2. Preliminaries
In this paper, all rings are commutative.
Theorem 2.1. Every finitely generated flat module over a local ring is
free.
Proof. See [4, Tag 00NZ] or [10, Theorem 7.10]. 
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2 A. TARIZADEH
Remark 2.2. Let F be a free R−module with a basis (ek)k∈K and
M an R−module. If x ∈ F ⊗R M then there exists a unique se-
quence (mk) ∈
⊕
k∈K
M such that x =
∑
k
ek ⊗ mk. In fact, the map
⊕
k∈K
M → F ⊗R M given by (mk)  
∑
k
ek ⊗mk is an isomorphism of
R−modules. This, in particular, implies that if ϕ : R → S is a mor-
phism of rings then (ek⊗1)k∈K is a basis for the free S−module F⊗RS.
A projective R−module is also called R−projective.
3. Pure ideals
An ideal I of a ring R is called a pure ideal if the canonical ring map
R→ R/I is a flat ring map. Pure ideals are quite interesting and play
an important role in commutative and non-commutative algebra. The
following results are our contribution to this topic.
As an application of Theorem 2.1, we obtain the following result.
Theorem 3.1. An ideal I of a ring R is a pure ideal if and only if
Ann(f) + I = R for all f ∈ I.
First proof. First assume that R/I is R−flat. Suppose there is
some f ∈ I such that Ann(f)+ I 6= R. Thus there exists a prime ideal
p of R such that Ann(f)+I ⊆ p. Therefore, by Theorem 2.1, Ip = 0. So
there exists some s ∈ R\p such that sf = 0. But this is a contradiction
and we win. Conversely, let ϕ : M → N be an injective morphism of
R−modules. To prove the assertion it suffices to show that the induced
map M/IM → N/IN given by m+ IM  ϕ(m) + IN is injective. If
ϕ(m) ∈ IN then we may write ϕ(m) =
n∑
i=1
fixi where fi ∈ I and xi ∈ N
for all i. By the hypothesis, there are elements bi ∈ Ann(fi) and ci ∈ I
such that 1 = bi+ci. It follows that 1 = (b1+c1)(b2+c2)...(bn+cn) = b+c
where b = b1b2...bn and c ∈ I. Thus ϕ(m) = bϕ(m) + cϕ(m) = ϕ(cm).
Therefore m = cm ∈ IM .
Second proof. The flatness is a local property, so we can assume that
R is a local ring. If I1 and I2 are two ideals of a local ring R then
I1+I2 = R iff either I1 = R or I2 = R. By Theorem 2.1, R/I is R−flat
iff it is R−free. The annihilator of a free module F is either the zero
ideal or the whole ring, according as F 6= 0 or F = 0. Thus R/I is
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R−free iff either I = 0 or I = R. 
Corollary 3.2. Let M be a finitely generated flat R−module with the
annihilator I. Then I is a pure ideal.
Proof. Suppose there is some f ∈ I such that Ann(f) + I 6= R.
Thus there exists a prime ideal p of R such that Ann(f) + I ⊆ p.
Then, by Theorem 2.1, Ip = 0. Hence there is some s ∈ R\p such that
sf = 0. But this is a contradiction. Thus by Theorem 3.1, I is a pure
ideal. 
We have proved the following well known result by new and short
methods. To see more equivalents please consider [4, Tag 04PS].
Corollary 3.3. Let I be an ideal of a ring R. Then the following are
equivalent.
(i) I is a pure ideal.
(ii) I = {f ∈ R : Ann(f) + I = R}.
(iii) If f ∈ I then there exists some g ∈ I such that f = fg.
(iv) Supp(I) = Spec(R) \ V (I).
(v) If p is a prime ideal of R then either Ip = 0 or Ip = Rp.
Proof. (i) ⇒ (iv) : If Ip 6= 0 then there exists some f ∈ I such
that f/1 6= 0. This yields that Ann(f) ∩ (R \ p) = ∅. It follows
that Ann(f) ⊆ p. By Theorem 3.1, Ann(f) + I = R. Therefore
p ∈ Spec(R) \ V (I). (iv)⇒ (v) : Easy. (v)⇒ (i) : If Ann(f) + I 6= R
for some f ∈ I then there exists a prime ideal p of R such that
Ann(f) + I ⊆ p. This yields that f/1 6= 0 and so Ip = Rp. This
means that I * p, a contradiction. The remaining implications by ap-
plying Theorem 3.1 are easily deduced. 
4. Trace ideal
In this section we present our contributions to the subject of the
trace ideal of a projective module.
Recall that if M is an R−module then the ideal of R generated by
all f(m) is called the trace ideal of M where f : M → R is a morphism
of R−modules and m ∈ M . The trace ideal of an R−module M is
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denoted by trR(M).
It is easy to see that the trace ideal of a free module F is either the
zero ideal or the whole ring, according as F = 0 or F 6= 0.
Let M be a projective R−module and let F be a free R−module
which admitsM as a direct summand. Thus there exists anR−submodule
N of F such that F = M +N and M ∩N = 0. Let (ek)k∈K be a basis
of F . Then each m ∈ M can be written uniquely as m =
∑
k
rm,kek
where rm,k = 0 for all but a finite number of indices k. The scalars rm,k
are called the coordinates of m. This leads us to the following subtle
result which was inspired by [3, p. 132, Proposition 3.1].
Theorem 4.1. Let M be a projective R−module. Then J = trR(M)
is generated by the coordinates of the elements of M . In particular,
JM = M .
Proof. Let J ′ be the ideal of R generated by the coordinates of the
elements of M . Using the above setup, then for each i ∈ K, by the
universal property of free modules, there exists a (unique) morphism
of R−modules gi : F → R such that gi(ek) = δi,k where δi,k is the
Kronecker delta. Setting fi := gi ◦ j where j : M → F is the canonical
injection. Then rm,i = fi(m) ∈ J for all m ∈ M and all i ∈ K. So
J ′ ⊆ J . Also each m =
∑
k
rm,kxk where each ek = xk+yk with xk ∈M
and yk ∈ N . In particular, we have JM = M . If ϕ : M → R is a mor-
phism of R−modules then ϕ(xk) ∈ R for all k ∈ K, and so ϕ(m) ∈ J
′.
Therefore J = J ′. 
The above theorem has many interesting consequences.
The following result is well known, see [1, Propositions A.1. and A.
3. and Theorem A.2. ] and [12, after Proposition 1.3]. We prove it by
a new and short method.
Corollary 4.2. The annihilator of a finitely generated projective mod-
ule is generated by an idempotent element.
Proof. If M is a projective R−module then by Theorem 4.1, JM =
M where J = trR(M). If moreover,M is a finitely generatedR−module
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then there exists some f ∈ J such that 1− f ∈ I := Ann(M). Clearly
IJ = 0. Setting g := 1− f . Then we have g2 = g(1− f) = g. If h ∈ I
then hg = h(1− f) = h and so h ∈ Rg. Therefore I = Rg. 
Corollary 4.3. Let M be an R−module and x ∈ M . Then Rx is
R−projective if and only if Ann(x) is generated by an idempotent of R.
Proof. The implication “⇒” is deduced from Corollary 4.2. To
see the reverse it suffices to show that if e ∈ R is an idempotent then
R/Re is R−projective. But R/Re ≃ R(1− e) and R(1− e) is a direct
summand of R. Hence, R/Re is R−projective. 
Theorem 4.4. If ϕ : R→ S is morphism of rings and M is a projec-
tive R−module, then trS(M ⊗R S) = trR(M)S.
Proof. Clearly trR(M)S ⊆ trS(M ⊗R S). To see the reverse in-
clusion, using the notations of Theorem 4.1, then M ⊗R S is a direct
summand of the free S−module F ⊗R S. But it is well known that
the family ek ⊗ 1 is a basis for this free module, see Remark 2.2 or
[11, Corollary in page 26]. By Theorem 4.1, trS(M ⊗R S) is generated
by the coordinates of the pure tensors m ⊗ s of M ⊗R S. We have
m⊗ s =
∑
k
ϕ(rm,k)s(ek ⊗ 1) and each ϕ(rm,k)s ∈ trR(M)S. Therefore
trS(M ⊗R S) = trR(M)S. 
The following result is well known, a sketch of its proof can be found
in [7, p. 16] also see [13, p. 269]. We provide a new and complete proof
for it.
Corollary 4.5. The trace ideal of a projective module over a commu-
tative ring is a pure ideal.
Proof. If M is a projective R−module then for each prime ideal p
of R, by Theorem 4.4, trRp(Mp) = Jp where J = trR(M). But it is
well known that every projective module over a local ring is free, see
[8, Theorem 2]. This yields that either Jp = 0 or Jp = Rp. Hence, by
Corollary 3.3, J is a pure ideal. 
It is important to notice that the “commutativity” assumption of
Corollary 4.5 is crucial. If we drop this assumption then the assertion
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does not hold anymore, see [7, Example 1.2].
In [7, Proposition 1.1] the converse of Corollary 4.5 is also proved
which states that if I is a pure ideal of a ring R then there exists a
projective R−module whose trace ideal is equal to I.
Corollary 4.6. IfM is a projective R−module then for each R−module
N , trR(M ⊗R N) = JJ
′ = J ∩ J ′ where J = trR(M) and J
′ = trR(N).
Proof. It is easy to see that JJ ′ ⊆ trR(M ⊗R N) ⊆ J ∩ J
′ for every
two R−modules M and N . If M is a projective R−module then by
Corollary 4.5, J is a pure ideal and so JJ ′ = J ∩ J ′. 
If M is an R−module then it is obvious that x ∈ trR(M) if and only
if x =
n∑
i=1
fi(mi) where fi ∈ HomR(M,R) and mi ∈M for all i.
Lemma 4.7. Let I be an ideal of a ring R such that trR(I) = R. Then
I is a finitely generated ideal.
Proof. We may write 1 =
n∑
i=1
fi(xi) where fi ∈ HomR(I, R) and
xi ∈ I for all i. Now if y ∈ I then y =
n∑
i=1
fi(y)xi. Hence, I = (x1, ..., xn)
is finitely generated. 
We provide an alternative proof to the following result.
Corollary 4.8. [13, Proposition 1.1] Let I be an ideal of a ring R which
is not contained in any minimal prime ideal of R. If I is a projective
R−module, then it is a finitely generated ideal.
Proof. By Lemma 4.7, it suffices to show that trR(I) = R. If not,
then there exists a maximal ideal m of R such that J := trR(I) ⊆ m.
There exists a minimal prime ideal p of R such that p ⊆ m. By the hy-
potheses, there exists some x ∈ I such that x /∈ p. We have I = IJ ⊆ J ,
see Theorem 4.1. By Corollary 4.5, J is a pure ideal and so by Theorem
3.1, Ann(x) + J = R. But Ann(x) ⊆ p and so Ann(x) + J ⊆ m. This
is a contradiction and we win. 
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